TAIL ALGEBRAS OF QUANTUM EXCHANGEABLE RANDOM 

VARIABLES 



KENNETH J. DYKEMA* AND CLAUS KOSTLER 

Abstract. We show that any countably generated von Neumann algebra with 
specified normal faithful state can arise as the tail algebra of a quantum exchange- 
able sequence of noncommutative random variables. We also characterize the cases 
when the state corresponds to a limit of convex combinations of free products states. 



1. Introduction 

Exchangeability is a basic distributional symmetry in probability. It means that the 
distribution of a sequence of random variables is invariant under finite permutations 
of these random variables. The de Finetti theorem characterizes an exchangeable 
infinite sequence of random variables to be identically distributed and conditionally 
independent over its tail cx-algebra. An alternative formulation of this famous theorem 
is that the law of such a sequence is a mixture of infinite product measures, where the 
mixture is specified by a certain random probability measure (see e.g. [1]). Hewitt 
and Savage [5] cast this theorem in terms of symmetric measures on infinite Cartesian 
products of a compact Hausdorff space S, and inspired St0rmer's transfer [5] of their 
approach to a C*-algebraic setting: symmetric states on an infinite tensor product 
of a C*-algebra with itself are identified as a mixture of infinite product states. In 
analogy with the classical situation, here the mixture is specified by a probability 
measure on the state space of the C*-algebra. 

Recently a noncommutative de Finetti theorem was discovered by Kostler and 
Speicher [6] in the realm of Voiculescu's free probability theory (see [9]). Replacing 
random variables by operators and the role of permutations by the natural coaction of 
Wang's quantum permutations [TU] , the notion of a quantum exchangeable sequence 
was introduced in a framework of noncommutative probability spaces. In close anal- 
ogy to the classical case, a quantum exchangeable infinite sequence is characterized 
as being identically distributed and 'conditionally free' over its tail algebra. Here 
'conditional freeness' means 'freeness with amalgamation'. 

In this note we have a closer look at tail algebras of quantum exchangeable se- 
quences. Our main results are: 

o Any countably generated von Neumann algebra may appear as the tail alge- 
bra of a quantum exchangeable sequence of selfadjoint operators (see Theo- 
rem 
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o The tail algebra of a quantum exchangeable sequence lies in the center of 
the von Neumann algebra generated by the sequence if and only if the cor- 
responding state is a limit of convex combinations of free product states (see 
Proposition 14.4)) . 

o There exist quantum exchangeable sequences of projections generating a finite 
factor and whose tail algebra is nontrivial and abelian (see Example 14. 5 j) . 
Thus, the corresponding state is not a limit of convex combinations of free 
product states. 

Altogether these results show that, as to be expected, the structure of tail algebras 
of quantum exchangeable infinite sequences has a much higher complexity than those 
of tail a-algebras of exchangeable sequences in probability theory. 

Acknowledgment: Most of this research was conducted while at the Erwin Schrod- 
inger Institute during the program on Bialgebras in Free Probability; the authors 
would like to thank the Institute and the organizers of the program. 

2. Preliminaries 

A noncommutative probability space is a pair (A,4>), where A is a unital algebra 
over the complex numbers and is a linear functional on A sending 1 to 1, and the 
elements of A are called noncommutative random variables. A W -noncommutative 
probability space is one in which A is a von Neumann algebra and is a normal state. 
The Noncommutative de Finetti Theorem of Kostler and Speicher [Bj, states that 
a sequence (xj)^ 1 of noncommutative random variables in a W*-noncommutative 
probability space is quantum exchangeable if and only if the sequence is free over the 
tail algebra of the sequence, with respect to the 0-preserving conditional expectation. 
Quantum exchangeability of the sequence is defined in terms of a natural coaction 
of the quantum permutation group of Wang [10]. (See [6J for more on this). The 
tail algebra is the von Neumann algebra f]^Li W*({xi \ i > n}) and the 0-preserving 
conditional expectation E from W*({xi \ i > 1}) onto the tail algebra is guaranteed 
to exist. This was proved in [5], see also Proposition 4.2 of [6j. 

The following is the "hard part" of the noncommutative de Finetti theorem (Thm. 
1.1 of [6]). 

Theorem 2.1 ([6J). Let (x i ) c *i 1 be a quantum exchangeable sequence in the W*- 
noncommutative probability space (Ai,<f)), where <p is faithful, and suppose Ai is 
generated by {xj | i G /}. Let Af be the tail algebra and let E : Ai — >■ Af be the 
<f) -preserving conditional expectation onto Af. Let Ai be the von Neumann subalgebra 
of Ai generated by AfU {xi}. Then the family {Af)i & i is free with amalgamation over 
Af ' , with respect to E and, therefore, 

(M,E) = Ei) (1) 

is isomorphic to the W* -amalgamated free product of countably infinitely many copies 
of (Ai, Ei), where Ei : A\ —> Af is the restriction to At of E. 

The next result is the "easy part" of the noncommutative de Finetti theorem (Prop. 
3.1 of [6]): 
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Proposition 2.2 ([6]). Let 

(M,E) = (*B)t^i(Ai, Ei) 

be an amalgamated free product of von Neumann algebras, where every E^ is faithful 
and normal. Let be any normal, faithful state on B and denote also by the state 
o E on A4. If Xi G Ai is such that the moments E^x^x^ ■ ■ -b n ^iXi) for all 
n G N and b\,...b n -i G B are independent of i, then the sequence (xi) c *L l in the 
noncommutative probability space (A4,<f>) is quantum exchangeable. 

In this note, we will prove (Theorem 13 .3 j) that every countably generated von 
Neumann algebra Af with specified normal faithful state can arise as the tail algebra 
of a quantum exchangeable sequence in a W*-noncommutative probability space 
(A4, 4>m)i m suc h a way that the restriction of 4>m to Af is 0. 

We also investigate the question, given a quantum exchangeable sequence {x i )°^ l in 
a W*-noncommutative probability space (A4,<p), of when the distribution of 
under is a limit of convex combinations of equidistributed free product states. 
Naturally enough, this occurs if and only if the tail algebra of the sequence commutes 
with all Xi. See Section H] for more details. This may be compared to St0rmer's 
result [8], that in the commutative context, all symmetric states are limits of convex 
combinations of tensor powers. 

3. Examples of tail algebras 

Now we investigate the content of the tail algebra in the construction of Proposi- 
tion |22J 

Proposition 3.1. In the setting of Proposition^^ the tail algebra Af of the sequence 
(xi)^ is a von Neumann subalgebra of B and is, in fact, the smallest unital von 
Neumann subalgebra Bq of B satisfying 

E(b x kl bix k2 ■ ■ ■ b n -ix kn b n ) G B . (2) 

whenever n G N, hi, . . . , k n G N ; bo, b\, . . . , b n G B and x = Xj. (Note that the above 
expression is independent of the choice of i G N.^ 

Proof. If we consider the structure of L 2 (A4, 0), we easily see that the tail algebra M is 
a von Neumann subalgebra of B. Indeed, from Voiculescu's free product construction 
(see [T] for more detailed discussion in the case of von Neumann algebras), 

L 2 (M,<P) = L 2 (B,<P)® F ll ® B F l2 ® B ---® B F ln ®^L 2 {B^), (3) 

n>l 
tl,...,in>l 
ij^ij+l 

where F^ is the Hilbert £>-module L 2 (Ai,Ei) B and tc^ is the Gelfand-Naimark- 
Segal representation of B on L 2 (B,(f>). In particular, the image in L 2 (A4,4>) of the 
von Neumann algebra generated by {xi \ i > iV} is contained in 

L 2 (B, 0) © F h ® B F l2 <g> fl • • • ® B F ln ®^ L 2 (B, 0) 

n>l 
i\,...,i n >N 
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and the intersection of these spaces is L 2 {B, (f). We must, therefore, have Af C B. 
Since Af C £ n | i > 1}), we have 

A/"C | i > 1})). 

Thus, we have 

N C W^*({£(x il a; ia • • • x in ) | n > 1, i 1? . . . , i n > 1}). (4) 

To see that we have equality in (TJJ, take ji, ■ ■ ■ ,jN > 1 and let M 1 = min^'i, . . . 
and M 2 = max(ji, . . . , j^). Then x^Xj 2 ■ ■ ■ Xj N = b + y, where b = E(xj 1 Xj 2 ■ ■ ■ Xj N ) 
and where the element y of L 2 (A4, 0) corresponding to y belongs to 

F h ® B F i2 ® fl • • • ® B F in ®^ L 2 (B, 0) . 

l<n<N 
Mi<h,...,i„<M2 

By exchangeability, for each p > we have E(xj 1+p Xj 2+p ■ ■ ■ Xj N+p ) = E(xj 1 xj 2 ■ ■ ■ Xj N ) 
and, therefore, Xj 1+p Xj 2+p ■ ■ ■ Xj N+p = b + y p where 

y P e F h ® B F i2 ® B ---® B F lri ®^L 2 (B,(P). (5) 

l<n<7V 
Afi+p<ii,...,i n <Af 2 +p 

Now since the subspaces (j3J) corresponding to values of p that differ by more than 
M 2 — Mi are orthogonal to each other, we see that for each q G N, the ergodic 
averages 

j g+-K"-i 

IT ^ ^ Xi 1 + p Xi 2 + p ■ ■ ■ Xi N J rP 
p=q 

converge in L 2 (A4, 0) to b as K — » oo. So 5 G | i > g}) for all q > 1. Letting 

g — )■ oo, we get 6 = Eix^x^ ■ ■ -Xj N ) G A/". This proves 

A/-=^*({£(x n x i2 ---xJ | n> 1, zi,...,z n > 1}). (6) 

It remains to show Af = Bo. Using (jBJ), we have E{pox kl bix k2 ■ ■ ■ b n _\x kn b n ) G Af 
whenever n G N, . . . , k n G N, bo, b\, . . . , b n G Af and x = Xj. By the characteriza- 
tion of B , this implies B C A/". So it suffices to see that we have E[x ix Xi 2 ■ • • x in ) G B 
for all n > 1 and Zi, . . . , i n > 1. However, this follows by considering how mixed mo- 
ments of the free variables xi,x%, . . . can be evaluated in terms the moments of the 
individual X{. Speicher's operator- valued cumulants [7] can be used to give a careful 
proof of this fact. Indeed, using the expression of the cumulants in terms of moments 
and the Mobius function and using the defining property (T5J) of Bq, we see that for 
each individual x = x iy the operator valued cumulant n[xbi, xb 2 , . . . , xb n _i, x] be- 
longs to B for every b\, . . . , b n _i G Bq. Now using the moment cumulant formula for 
E(x il Xi 2 •••£»„) and the vanishing of mixed cumulants, we obtain E{xi x x i2 ■ ■ ■ x in ) G 



Lemma 3.2. Let Af be a countably generated von Neumann algebra equipped with a 
normal faithful state (p. Then there is a von Neumann algebra A containing Af as a 
unital von Neumann subalgebra and possessing a (^-preserving conditional expectation 
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E : A — > Af onto Af, and there is a self-adjoint element a G A with the property that 
{E(a k ) | k G N} generates Af as a von Neumann algebra. 

Proof. One easily sees (using the spectral theorem) that the von Neumann algebra 
Af is also generated by a finite or countable collection {pf)i & i of projections. Let 
A = {& ieI Af, with Af C A identified with the constant sequences and with the 
conditional expectation E given by some strictly positive weights (ttj)j e / that sum to 
1: 

E{(xi) ie i) = ^ oiiXj. 

i 

We let a = (PiPi)^ G A for some bounded family G R; thus, we have 

E(a k ) = J2^P l . 

i 

If / is finite, then by choosing all the to be distinct, the determinant of the matrix 
{Pi)iei,o<j<\i\, being a Vandermonde determinant, is seen to be nonzero. Thus, we 
recover {pi \ i G /} by taking linear combinations of (-E(a fc )) <fc<|/|- 

Suppose / is infinite, identify it with N and let = 2~\ Let V = W*({E(a k ) \ 
k G N}). Then 



oc 



lim E(a k ) = lim a p + S~] afl kl pi | = a Q p Q , 



k— >QO k— >oo 

\ i=l 

where the convergence is in norm topology, and p Q G T>. Similarly, 

lim 2 k (E(a k ) - a p ) = a x p u 

k—^oo 

lim 2 2k (E(a k ) - a p - 2 _1 «ipi) = a 2 p 2 

fc— >oo 

and so on. Thus, we get Po,Pi,P2, ■ ■ ■ ET> and V is all of Af. □ 

Theorem 3.3. Let Af be a countably generated von Neumann algebra with a normal, 
faithful state <f>. Then there is a quantum exchangeable sequence Xi,X2, . . . in some 
W* -noncommutative probability space (A4,4>_m) whose tail algebra is a copy of Af in 
A4, with the restriction of 4>m to Af being (f. 

Proof. Let A 3 Af and a G A be as from Lemma 13.21 For each j G N, let Aj be a 
copy of A with the ^-preserving conditional expectation onto Af denoted by Ej. Let 

(M,E) = (*„)°L 1 (AvE j ) 

be their amalgamated free product of von Neumann algebra and, of course, let 4>m — 
(ft o E. Let Xj be the copy of a in the jth copy Aj of A. By Proposition 12.21 (xj)fL 1 
is a quantum exchangeable sequence. By Lemma [3T2l the set 

{E{x k ) | k G N} (7) 

generates all of Af. By Proposition 13. 1[ the tail algebra of the sequence (xfji^i is 
equal to Af. □ 
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4. Free product states 

Given a C*-algebra A with state and with self-adjoint elements Xi G A, (i G I), 
we wish to regard the variables X{ abstractly, independently of their realization in 
A. Consider the *-algebra C(X) = C(Xj | % G I) of polynomials in noncommuting 
variables Xj, with the involution defined so that X* = Xi, and consider the unital 
*-algebra representation a : C(X) — > A that sends Xj to 2j. 

Definition 4.1. By a free product state on C(X), we will mean a functional if) of 
C(X) such that if){l) = 1 and the variables (Xj) iG / are free with respect to if). If, 
in addition, for all k the moments if>(Xf) are independent of i, then we say if> is an 
equidistributed free product state on C(X). We will say that a linear functional 
of C(X) is a limit of convex combinations of uniformly bounded free product states 
(respectively, of uniformly bounded equidistributed free product states) if for some 
choice of constants > 0, the functional is the limit in the topology of pointwise 
convergence on C(X) of convex combinations of free product states (respectively, of 
equidistributed free product states) if) on C(X) that satisfy \ip(Xf)\ < C\ for all 
i G / and k G N. 

The following result shows that a state that is a limit of convex combinations of 
uniformly bounded free product states arises from the situation of a free product with 
amalgamation over a subalgebra of the center. 

Proposition 4.2. Let A be a C* -algebra with state 0. Suppose G A (i G I), for I 

countable, are self-adjoint elements that together generate A as a C* -algebra and so 
that <f> := o a is a limit of convex combinations of uniformly bounded free product 
states with respect to (xi)i & j, where a : C(X) — > A is the *-homomorphism given by 
Xj f— )■ Xi. Then there is a unital C* -algebra B with a unital C* -subalgebra D C Z(B) 
of the center of B and with a faithful conditional expectation E : B — ^ D, and there 
is a unital *-homomorphism n : A — )■ B and a faithful tracial state a = a o E on B 
so that = a o ti and the family {%{xi))i^i is free with respect to E. 

Furthermore, if is a limit of convex combinations of uniformly bounded equidis- 
tributed free product states with respect to {xi)i^i, then E : B — )■ D and it : A — >• B 
may be chosen so that for all n and all do, ■ ■ ■ , d n G D the moment E(do7r(xi)di ■ ■ ■ Ti(xi)d n ) 
of the variable 7r(xj) is independent of i. 

Proof. We fix constants Ci as in Definition 14.11 If -0 is a free product state on 
C(X), then the usual Gelfand-Naimark-Segal construction yields a ^-representation 
vr^ : C(X) ->• BCK^) with H^X^H < C { . Let B^ C B(J{^) be the unital C*-algebra 
generated by the image of 11^ and denote also by if> the state on B^ so that ip ^ s 
the original functional if) on C(X). Of course, the condition that if> is a free product 
state on C(X) implies that the variables (7r^(Xj))j g / are free in B^ with respect to 
if). Moreover, B^ is isomorphic to the free product over the scalars of the abelian 
C*-algebras generated by the 7ty(Xj). Since the restrictions of if) to these abelian 
C*-algebras are faithful, and since the free product of faithful states is faithful [2] 
and since the free product of traces is a trace (see [9]), it follows that if) is a faithful 
trace on B^. 
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By hypothesis, we may write as the limit of a net of convex combinations of free 
product states, and consider the set F of all the free product states appearing with 
nonzero coefficients in these convex combinations. Let 

B = Y[ = {(&</>) I K G B^, sup ||Zty|| < 00} 

be the direct product of C*-algebras. Then (3 : C(X) — > B defined by (3(p) = (^(p)) 
is a *-representation. Let D C B be the subalgebra consisting of all sequences 
of scalars, i.e. (A^l)y, S F for A^, G C. Clearly, D = £°°(F) is a subalgebra of the 
center of B, and the map E : B — >■ D given by E((b^)^ e p) = (■0(6^))^ €j p is a 
conditional expectation that is faithful because each tracial state ip is faithful on B^. 
The variables (/?(JQ)) i6 j are free with respect to E 1 . 

Note that in the above construction, if all free product states ip G F are equidis- 
tributed, then the moments 

E(d p(X l )d 1 ---P(X l )d n ) (8) 

of the variables j3(Xi) are independent of i. 

To a convex combination p = Y1 (with finite support) of elements of F, consider 
the state p of D given by the corresponding weighted average, p : (X^l)^ e F >->■ 
^t^A^,. Let {pj)j£j denote a net of convex combinations of free product states 
on C{X) that converges (in the topology of pointwise convergence on C(X)) to 0. 
Replacing this net by a subnet, if necessary, we may without loss of generality assume 
that the corresponding net pj converges in the weak*-topology on D* to a state a on 
D. Then we have = a o E o (3. 

We are almost done, except that a o E need not be faithful. Let 7r- ^ denote the 
Gelfand-Naimark-Segal representation associated to the tracial state a o E on B, 
and let B = n ao ^(B) and D = n~ o ^(D). Then the corresponding state a on B is a 
faithful trace. We claim that 

E(7T aoE (x)) = 7T- oE (E(x)) 

defines a faithful conditional expectation (i.e., projection of norm 1), E : B — > D. To 
verify this, let us identify D with C(Q), where Q is the spectrum of D. Then a is given 
by integration against a Borel probability measure v on Q. Given x = (x^^^p G B, 
let N(x) denote the element (||x^||)^ e f of D. We easily verify that ||vr- ^(o;)|| equals 
the essential supremum of N(x) taken with respect to the measure v. On the other 
hand, the norm of |K 5o ^g(-^(^))|| equals the essential supremum of |£^(x)| taken with 
respect to the measure v. Since |-E(x)| < N(x), it is clear that E is a projection of 
norm 1. Moreover, we easily check a o E = a so faithfulness of a implies that E is 
faithful. 
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Let (3 = vr- o ^ o (3 : C(A) — > B. Then = 0oa = cro/3. We will now define a 
*-homomorphism tt : A — > B so that all triangles in the diagram 



C(X)^^A 






E 


?. - C 

a 



commute. Indeed, since and a are faithful, we have 

\\a\\ = limsup |0((a*a) n )| 1/2n , (a G A) 

n— >oo 

= limsup \a((b*b) n )\ 1/2n , {b E B). 

n— ¥oo 

But this implies ||a(p)|| = ||/?(p)|| for all p E C(X). So the *-homomorphism defined 
on the image of a by a(p) h-> is isometric and extends to an isometric *- 

homomorphism tt : A — > B, as required. 

It remains to show that the family (/3(Aj)) ig / is free with respect to E. As is well 
known, there is a list (Qk)k>i of universal polynomials (Qk in n(k) 2 variables) such 
that elements (aj)°f^ of an algebra are free with respect to a linear functional ip if 
and only if 

Q k (ip(ax), ^« (fc) ), ip{a 2 ), )> V(o»(*))> ■ ■ ■ ' ^( a n(fe))) = 
for all fc. It is apparent that, in D, we have 

Q fc (£ o (3{X 1 ), ...,Eo £ o p{X 2 \ ...,Eo ^(A 2 n(fc) ), . . . , 

Eo(5(X n(k) ),... ) Eo(5(X n n ( § ) ))=Q 
for all fc. Applying the *-homomorphism tt- o ^ to this and using 
tt, oE (E o )) = E(Tr aoS 0(X* ))) = £ o 

we get 

Q fc (£ o ^(Ax), . . . , E o ft(xf k) ), E o /3(A 2 ), ... ,E o /3(A 2 n{fc) ), . . . , 

Eo/3(A n(fc) ),...,Eo/3(A; ( ( fc fe ) ) )) =0 

for all fc. 

In the case that all free product states are equidistributed, the observation above 
regarding the moments (jSJ) of /3(Aj) with respect to E implies that the moments of 
ir(xi) with respect to E are independent of %. □ 

Lemma 4.3. Let D = C(Q) be a commutative, unital C* -algebra and for every 
i E I let Ai be a unital C* -algebra with D embedded as a unital C* -subalgebra of 
the center, Z(Ai), of Ai. Assume E{ : Ai — >■ D is a conditional expectation whose 
Gelfand-Naimark-Segal representation is faithful. Let 

(A,E) = {* D ) ieI (Ai,Ei) 
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be a reduced amalgamated free product of C* -algebras. Take oj £ ; consider the 
character ev w : / h-» f(uj) of D and let p w = ev w o E. Then the family (Ai) iGl is free 
with respect to p w . 

Proof. Suppose aj £ n ker p w for j = 1, . . . , n and Zj 7^ for all 1 < j < n. 
We must show p<j(aia 2 • • • a„) = 0. Let e > 0. Since E(a,j) £ (7(0) vanishes at w, by 
Tietze's extension theorem there is / £ (7(0) such that /(u;) = 1 and ||£?(aj)/|| < e 
for all j. Let fj = E{a 5 )f. Then E((fat - fi)(fa 2 - / 2 ) • • • (/a n - /„)) = 0, so 

- /l) " " ' ( a n ~ fn)) = fPw{{a\ ~ fl) ■ ■ ■ (a-n - fn)) 

= pU(f a l - fl)"- (f a n ~ fn)) = 0. 

But if M = 1 + e + m&Xj \\aj\\, then 

\p w (aia 2 ■■■a n ) - p w {{ai - fx) ■ ■ ■ (a„ - /„))| < nM n ~ l t. 

Letting e — » finishes the proof. □ 

Proposition 4.4. Let (xj)j £ / be quantum exchangeable random variables in (Ai,<p), 
suppose M. is generated by {xi | % £ J} and /eta : C(X) — > &e t/ie *-homomorphism 
given by a(Xi) = Xi. Then o a is a limit of convex combinations of uniformly 
bounded equidistributed free product states with respect to (ar»)i 6 j if and only if the 
tail algebra Af lies in the center of A4. 

Proof. Suppose the tail algebra lies in the center of M.. Then by Theorem 12. 14 M. 
is the free product with amalgamation over the tail algebra A/, and <fi = <f>\j^ o E, 
where E : M. — > M is the ^-preserving conditional expectation with respect to which 
the algebras Ai = W*(Af U {xi}) are free over J\f. Regarding as a commutative 
C*-algebra, by the Gelfand theorem, we have M = (7(0). Then, by a classical result, 
every state on (7(0) lies in the closed convex hull of the set of point evaluation maps 
{ev w I co £ O}. By Lemma H~3l every functional ev w o E o a is an equidistributed 
free product state on C{X) and clearly the boundedness criterion is satisfied with 
constants (7j = \\xi\\. Taking convex combinations of the ev w that approximate 
we easily see that o a is a limit of convex combinations of equidistributed free 
product states. 

Conversely, suppose that <fi o a is a limit of convex combinations of uniformly 
bounded equidistributed free product states. Consider the C*-subalgebra C*({xi \ 
i £ /}) of Al generated by the X{. By Proposition 14.21 there is a unital C*-algebra B 
and a unital subalgebra D of the center of B with a faithful conditional expectation 
E : B — >■ D and a unital, injective *-homomorphism tt : (7*({a;j | i £ /}) -)-5so that 
the elements (vr(xj))j e / are free with respect to E, and so that the moments of ir(xi) 
are independent of %\ furthermore, there is a faithful state o on D so that o~o E on = 
<f>\%. Let 21 be the C*-subalgebra of B generated by -DU{7r(xj) | i £ J}. Then 21 is an 
amalgamated free product of C*-algebras C*(D U {x^}), with amalgamation over D. 
We take the Hilbert space representation p of 21 that is the Gelfand-Naimark-Segal 
construction for the restriction of the state a oE to 21. The strong-operator-topology 
closure of p(2t) is a von Neumann algebra, Q, that is isomorphic to a free product 

(4 6 ;(r(pu{^)},£) (9) 
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with amalgamation over the strong-operator-topology closure T> of p{D). Taking 
strong-operator-topology limits (using Kaplansky's density theorem), we easily see 
that T> lies in the center of Q. Since a o E and <fi are faithful, the composition 
p o n, when compressed to a Hilbert subspace, equals the Gelfand-Naimark-Segal 
construction of the restriction of <fi to 21. Therefore, this mapping of 21 into the strong- 
operator-closure of 21 is canonically isomorphic to the inclusion of 21 in Ai, and we 
may regard Ai as embedded in the amalgamated free product ([9]). By Proposition [37TJ 
the tail algebra of {xi \ i G /} lies in T>. Thus, the tail algebra is in the center of 
Ai. ' □ 

The following easy example shows that the tail algebra can be commutative without 
lying in the center of the algebra generated by the quantum exchangeable sequence. 

Example 4.5. Let B = C©C embed into M 2 (C) as the diagonal matrices. For each 
i G N, let Ai be a copy of M 2 (C) and let Ei : Ai — >• B be the conditional expectation 
taking a matrix to its diagonal. Let 

(M,E) = (* B )£ 1 (A i ,E i ) 

be the amalgamated free product of von Neumann algebras. We note that Ai is 
easily seen to be isomorphic to the free group factor L(Foo). Let if) be any faithful 
state on B. Then = ip o E is a normal faithful state on Ai. Fix < t < 1/2 and 

let Xi be the copy of the projection ( — - ^ J in Ai. By Proposition \2.2\ the 

sequence (x i ) c *L 1 is quantum exchangeable. Applying Proposition 13. 1[ we see that the 
tail algebra Af of the sequence is B = C © C and, incidentally, the von Neumann 
algebra generated by the sequence {xi \ i G N} is all of Ai. 
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